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Abstract
Joseph and Kwack [Proc. Amer. Math. Soc. 80 (1980) 341–348] introduced the notion of (θ, s)-
continuous functions in order to investigate S-closed spaces due to Thompson [Proc. Amer. Math.
Soc. 60 (1976) 335–338]. In this paper, further properties of (θ, s)-continuous functions are obtained
and relationships between (θ, s)-continuity, contra-continuity and regular set-connectedness defined
by Dontchev et al. [Internat. J. Math. Math. Sci. 19 (1996) 303–310 and elsewhere] are investigated.
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1. Introduction
Joseph and Kwack [13] introduced (θ, s)-continuous functions in order to investigate
S-closed spaces due to Thompson [29]. Recently, new classes of functions called contra-
continuous [8] and regular set-connected [9] have been introduced and investigated.
The purpose of this paper is to obtain further properties of (θ, s)-continuous functions
and to investigate relationships between (θ, s)-continuity, contra-continuity, regular set-
connectedness and other related functions. In Section 3, we obtain basic properties of
(θ, s)-continuous functions. In Section 4, we introduce (θ, s)-closed graphs and study
relationships between (θ, s)-continuity and the graphs. Section 4 is devoted to preservation
theorems of (θ, s)-continuous functions. In the last section, we investigate relationships
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among several functions containing (θ, s)-continuous, contra-continuous and regular set-
connected functions.
2. Preliminaries
Throughout the present paper, X and Y are always topological spaces. Let S be a subset
of X. We denote the interior and the closure of a set S by Int(S) and Cl(S), respectively.
A subset S is said to be semi-open [16] if S ⊂ Cl(Int(S)). The complement of a semi-open
set is called semi-closed [5]. The intersection of all semi-closed sets containing S is called
the semi-closure [5] of S and is denoted by sCl(S). The semi-interior of S is defined by the
union of all semi-open sets contained in S and is denoted by sInt(S). The family of all semi-
open sets of X is denoted by SO(X). We set SO(X,x) = {U | x ∈ U ∈ SO(X)}. A point
x ∈ X is said to be a θ -semi-cluster point [13] of a subset S of X if Cl(U) ∩ S 	= ∅ for
every U ∈ SO(X,x). The set of all θ -semi-cluster points of S is called the θ -semi-closure
of S and is denoted by θ -sCl(S). A subset S is called θ -semi-closed [13] if S = θ -sCl(S).
The complement of a θ -semi-closed set is called θ -semi-open. A subset S of a space X
is said to be regular open (respectively regular closed) if S = Int(Cl(S)) (respectively
S = Cl(Int(S))). The family of all regular open (respectively regular closed) sets of X is
denoted by RO(X) (respectively RC(X)). We put RO(X,x)= {U ∈ RO(X) | x ∈ U} and
RC(X,x)= (F ∈ RC(X) | x ∈ F }.
Definition 2.1. A function f :X→ Y is called s-continuous [4] if for each x ∈X and each
V ∈ SO(Y,f (x)), there exists an open set U in X containing x such that f (U)⊂ V .
Definition 2.2. A function f :X → Y is called almost s-continuous [22] if for each
x ∈ X and each V ∈ SO(Y,f (x)), there exists an open set U in X containing x such
that f (U)⊂ sCl(V ).
Definition 2.3. A function f :X→ Y is called (θ, s)-continuous [13] if for each x ∈ X
and each V ∈ SO(Y,f (x)), there exists an open set U in X containing x such that
f (U)⊂ Cl(V ).
Remark 1.1. It should be noted that the following implications hold:
s-continuity⇒ almost s-continuity⇒ (θ, s)-continuity.
3. Some fundamental properties
Theorem 3.1. The following are equivalent for a function f :X→ Y :
(1) f is (θ, s)-continuous;
(2) f−1(V )⊂ Int(f−1(Cl(V ))) for every V ∈ SO(Y );
(3) the inverse image of a regular closed set of Y is open;
(4) the inverse image of a regular open set of Y is closed;
(5) the inverse image of a θ -semi-open set of Y is open.
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Proof. (1)⇒ (2): Let V ∈ SO(Y ) and x ∈ f−1(V ). Then, f (x) ∈ V . Since f is (θ, s)-
continuous, there exists an open set U in X containing x such that f (U) ⊂ Cl(V ). It
follows that x ∈ U ⊂ f−1(Cl(F )). Hence x ∈ Int(f−1(Cl(V ))). We have f−1(V ) ⊂
Int(f−1(Cl(V ))).
(2)⇒ (3): Let F be any regular closed set of Y . Since F ∈ SO(Y ), then by (2), it follows
that f−1(F )⊂ Int(f−1(F )). This shows that f−1(F ) is open in X.
(3)⇒ (4): This is obvious.
(4)⇒ (5): This follows from the fact that any θ -semi-open set is a union of regular
closed sets.
(5) ⇒ (1): Let x ∈ X and V ∈ SO(Y ). Since Cl(V ) is θ -semi-open in Y , by (5)
there exists an open set U in X containing x such that x ∈ U ⊂ f−1(Cl(V )). Hence
f (U)⊂ Cl(V ). This shows that f is (θ, s)-continuous. ✷
Definition 3.1. A space X is said to be
(1) s-Urysohn [2] if for each pair of distinct points x and y in X, there exist U ∈
SO(X,x) and V ∈ SO(X,y) such that Cl(U)∩Cl(V ) 	= ∅,
(2) weakly Hausdorff [25] if each element of X is an intersection of regular closed sets.
Remark 3.1. The following implications are obvious from the definitions:
s-Urysohn⇒weakly Hausdorff⇒ T1.
First, we shall obtain some properties between (θ, s)-continuous functions and s-
Urysohn spaces.
Theorem 3.2. If f :X → Y is a (θ, s)-continuous injection and Y is s-Urysohn
(respectively weakly Hausdorff ), then X is Hausdorff (respectively T1).
Proof. Suppose that Y is s-Urysohn. By the injectivity of f , it follows that f (x) 	= f (y)
for any distinct points x and y in X. Since Y is s-Urysohn, there exist V ∈ SO(Y,f (x))
and W ∈ SO(Y,f (y)) such that Cl(V ) ∩ Cl(W) = ∅. Since f is (θ, s)-continuous, there
exist open sets U and G in X containing x and y , respectively, such that f (U) ⊂ Cl(V )
and f (G)⊂ Cl(W). Hence U ∩G= ∅. This shows that X is Hausdorff. ✷
Next, suppose that Y is weakly Hausdorff. For any distinct points x and y in X, there
exist V,W ∈ RC(Y ) such that f (x) ∈ V , f (y) /∈ V , f (x) /∈W and f (y) ∈W . Since f is
(θ, s)-continuous, by Theorem 3.1 f−1(V ) and f−1(W) are open subsets of X such that
x ∈ f−1(V ), y /∈ f−1(V ), x /∈ f−1(W) and y ∈ f−1(W). This shows that X is T1.
Theorem 3.3. If f,g :X→ Y are (θ, s)-continuous functions and Y is s-Urysohn, then
E = {x ∈X | f (x)= g(x)} is closed in X.
Proof. If x ∈X − E, then it follows that f (x) 	= g(x). Since Y is s-Urysohn, there exist
V ∈ SO(Y,f (x)) and W ∈ SO(Y, g(x)) such that Cl(V ) ∩ Cl(W) = ∅. Since f and g are
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(θ, s)-continuous, there exist open setsU andG in X containing x and y , respectively, such
that f (U)⊂ Cl(V ) and g(G)⊂ Cl(W). Set O = U ∩G. Then O is open in X. Therefore
f (O)∩ g(O)= ∅ and it follows that x /∈ Cl(E). This shows that E is closed in X. ✷
Theorem 3.4. If f :X→ Y is (θ, s)-continuous and Y is s-Urysohn, then E = {(x, y) ∈
X×X | f (x)= f (y)} is closed in X×X.
Proof. Let (x, y) ∈ (X × X) − E. It follows that f (x) 	= f (y). Since Y is s-Urysohn,
there exist V ∈ SO(Y,f (x)) and W ∈ SO(Y,f (y)) such that Cl(V )∩Cl(W)= ∅. Since f
is (θ, s)-continuous, there exist open sets U and G in X containing x and y , respectively,
such that f (U) ⊂ Cl(V ) and f (G) ⊂ Cl(W). Hence (U × G) ∩ E = ∅. It follows that
U ×G ∈X×X containing (x, y). This means that E is closed in X×X.
Recall that a topological space is called ultra-connected [27] if every two non-void
closed subsets of X intersect and hyperconnected [27] if every open set is dense.
Theorem 3.5. If X is ultra-connected and f :X→ Y is (θ, s)-continuous and surjective,
then Y is hyperconnected.
Proof. Assume that Y is not hyperconnected. Then there exists an open set V such that
V is not dense in Y . Then there exist disjoint non-empty regular open subsets B1 and
B2 in Y , namely Int(Cl(V )) and Y \ Cl(V ). Since f is (θ, s)-continuous and onto, by
Theorem 3.1(4), A1 = f−1(B1) and A2 = f−1(B2) are disjoint non-empty closed subsets
of X. By assumption, the ultra-connectedness of X implies that A1 and A2 must intersect.
By contradiction, Y is hyperconnected. ✷
Recall that a topological space X is called semi-irreducible [28] (= finite chain condition
(FCC)) if every disjoint family of non-void open sets is finite.
Theorem 3.6. If X is a second countable, hereditarily compact space and a function
f :X→ Y is (θ, s)-continuous and surjective, then Y satisfies the finite chain condition.
Proof. Suppose that Y is not FCC. Then the family of all regular closed sets must be
infinite, i.e., || = |RC(Y )|N◦ is an infinite family of open subsets of X. Since second
countable, hereditarily compact spaces have finite topologies (see [28]), by contradiction,
Y is FCC.
Theorem 3.7. Let f :X→ Y be a function and g :X→X × Y the graph function of f ,
defined by g(x) = (x, f (x)) for every x ∈ X. If g is (θ, s)-continuous, then f is (θ, s)-
continuous.
Proof. Let F ∈ RC(Y ), then X × F = X × Cl(Int(F )) = Cl(Int(X)) × Cl(Int(F )) =
Cl(Int(X × F)). Therefore X × F ∈ RC(X × Y ). It follows from Theorem 3.1 that
f−1(F )= g−1(X× F) is open in X. Thus, f is (θ, s)-continuous.
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Theorem 3.8. If f :X→ Y is a (θ, s)-continuous function and A is any subset of X, then
the restriction f |A :A→ Y is (θ, s)-continuous.
Proof. Let F ∈ RC(Y ). Then, by Theorem 3.1 f−1(F ) is open in X and henceA∩f−1(F )
is open in the subspace A. Therefore, (f |A)−1(F ) is open in A and f |A is (θ, s)-
continuous.
A function f :X → Y is said to be θ -irresolute [14] if for each x ∈ X and each
V ∈ SO(Y,f (x)), there exists U ∈ SO(X,x) such that f (Cl(U))⊂ Cl(V ). We shall obtain
some properties about the composition of functions.
Theorem 3.9. Let f :X→ Y and g :Y → Z be functions. Then, the following properties
hold:
(1) If f is continuous and g is (θ, s)-continuous, then g ◦ f :X → Z is (θ, s)-
continuous.
(2) If f is (θ, s)-continuous and g is θ -irresolute, then g ◦ f is (θ, s)-continuous.
Proof. (1) Let x ∈X and W ∈ SO(Z, (g ◦f )(x)). Since g is (θ, s)-continuous, there exists
an open set V in Y containing f (x) such that g(V ) ⊂ Cl(W). Since f is continuous,
there exists an open set U in X containing x such that f (U) ⊂ V . This shows that
(g ◦ f )(U)⊂ Cl(W). Therefore, g ◦ f is (θ, s)-continuous.
(2) Let x ∈ X and W ∈ SO(Z, (g ◦ f )(x)). Since g is θ -irresolute, there exists V ∈
SO(Y,f (x)) such that g(Cl(V )) ⊂ Cl(W). Since f is (θ, s)-continuous, there exists an
open set U of X containing x such that f (U)⊂ Cl(V ). Hence (g ◦ f )(U)⊂ Cl(W). This
shows that g ◦ f is (θ, s)-continuous. ✷
Theorem 3.10. If f :X→ Y is a surjective open function and g :Y → Z a function such
that g ◦ f :X→ Z is (θ, s)-continuous, then g is (θ, s)-continuous.
Proof. Suppose that x and y are two points in X and Y , respectively, such that f (x)= y .
Let V ∈ SO(Z, (g ◦ f )(x)). Then there exists an open set U in X containing x such that
g(f (U))⊂ Cl(V ). Since f is open, then f (U) is an open set in Y containing y such that
g(f (U))⊂ Cl(V ). This implies that g is (θ, s)-continuous. ✷
Definition 3.2. A function f :X→ Y is said to be
(1) I. (θ, s)-continuous if for each x ∈ X and each V ∈ SO(Y,f (x)), there exists an
open set U in X containing x such that Int[f (U)] ⊂ Cl(V ),
(2) semi-open [3] if f (U) ∈ SO(Y ) for every open set U of X,
(3) relatively (θ, s)-continuous if for each V ∈ SO(Y ), the set f−1(V ) is open in the
subspace f−1(Cl(V )).
Theorem 3.11. If a function f :X→ Y is I. (θ, s)-continuous and semi-open, then f is
(θ, s)-continuous.
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Proof. Let x ∈ X and V ∈ SO(Y,f (x)). Since f is I. (θ, s)-continuous, there exists an
open set U of X containing x such that Int[f (U)] ⊂ Cl(V ). Since f is semi-open, f (U) ∈
SO(Y ) and f (U)⊂ Cl(Int(f (U)))⊂ Cl(V ). This shows that f is (θ, s)-continuous. ✷
Theorem 3.12. A function f :X→ Y is s-continuous if and only if f is (θ, s)-continuous
and relatively (θ, s)-continuous.
Proof. We prove only the sufficiency, the proof of the necessity being obvious. Let
V ∈ SO(Y ). Since f is relatively (θ, s)-continuous, there exists an open set U of X
such that f−1(V ) = U ∩ f−1(Cl(V )). Since f is (θ, s)-continuous, by Theorem 3.1 we
have f−1(V )⊂ Int(f−1(Cl(V ))) and hence f−1(V )= U ∩ Int(f−1(Cl(V ))). Therefore,
f−1(V ) is open in X and thus f is s-continuous.
4. (θ, s)-closed graphs
In this section, we define (θ, s)-closed graphs and investigate the relationships between
(θ, s)-closed graphs and (θ, s)-continuous functions.
Recall that for a function f :X→ Y , the subset {(x, f (x)) | x ∈X} ⊂ X × Y is called
the graph of f and is denoted by G(f ).
Definition 4.1. A graph G(f ) of a function f :X→ Y is said to be
(1) (θ, s)-closed if for each (x, y) ∈ X × Y − G(f ), there exist an open set U in X
containing x and V ∈ SO(Y, y) such that [U ×Cl(V )] ∩G(f )= ∅;
(2) almost-strongly-closed [12] if for each (x, y) ∈X × Y −G(f ), there exist an open
set U of X and V ∈ RO(Y ) such that (x, y) ∈ U × V and (U × V )∩G(f )= ∅.
Lemma 4.1. The following properties are equivalent for a graph G(f ) of a function:
(1) G(f ) is (θ, s)-closed;
(2) for each point (x, y) ∈X× Y −G(f ), there exist an open set U in X containing x
and V ∈ SO(Y, y) such that f (U)∩Cl(V )= ∅;
(3) for each point (x, y) ∈X× Y −G(f ), there exist an open set U in X containing x
and F ∈ RC(Y, y) such that f (U)∩F = ∅.
Proof. (1)⇒ (2): It is an immediate consequence of Definition 4.1(1) and the fact that for
any subsets A⊂X and B ⊂ Y , (A×B)∩G(f )= ∅ if and only if f (A)∩B = ∅.
(2)⇒ (3): It follows from the fact that Cl(V ) ∈ RC(Y ) for any V ∈ SO(Y ).
(3)⇒ (1): It is obvious since every regular closed set is semi-open and closed.
Theorem 4.1. If f :X→ Y is (θ, s)-continuous and Y is s-Urysohn (respectively weakly
Hausdorff ), then G(f ) is (θ, s)-closed (respectively almost-strongly-closed) in X× Y .
Proof. First, suppose that Y is s-Urysohn. Let (x, y) ∈ X × Y − G(f ). It follows that
f (x) 	= y . Since Y is s-Urysohn, there exist V ∈ SO(Y,f (x)) and W ∈ SO(Y, y) such
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that Cl(V ) ∩ Cl(W) = ∅. Since f is (θ, s)-continuous, there exists an open set U in X
containing x such that f (U)⊂ Cl(V ). Therefore, f (U) ∩Cl(W)= ∅ and G(f ) is (θ, s)-
closed in X× Y . ✷
Second, suppose that Y is weakly-Hausdorff. Let (x, y) ∈X× Y −G(f ), then f (x) 	=
y . Since Y is weakly-Hausdorff, there exists F ∈ RC(Y ) such that f (x) ∈ F and y /∈ F .
Since f is (θ, s)-continuous, there exists an open neighborhood U of x such that f (U)⊂
F . Therefore, we obtain y ∈ Y − F ∈ RO(Y ) and f (U) ∩ (Y − F) = ∅. This shows that
G(f ) is almost-strongly-closed.
Theorem 4.2. Let f :X→ Y have a (θ, s)-closed graph.
(1) If f is injective, then X is T1.
(2) If f is surjective, then Y is weakly −T2.
Proof. (1) Let x and y be any two distinct points of X. Then, we have (x, f (y)) ∈ X ×
Y −G(f ). By Lemma 4.1, there exist an open neighborhoodU of x and F ∈ RC(Y,f (y))
such that f (U)∩F = ∅; hence U ∩ f−1(F )= ∅. Therefore, we have y /∈ U . This implies
that X is T1.
(2) Let y1 and y2 be any distinct points of Y . Since f is surjective, f (x)= y1, for some
x ∈X and (x, y2) ∈X × Y −G(f ). By Lemma 4.1, there exist an open neighborhood U
of x and F ∈ RC(Y, y2) such that f (U) ∩ F = ∅; hence y1 /∈ F . This implies that Y is
weakly ·T2. ✷
Definition 4.2. A subset A of a space X is said to be S-closed relative to X [19] if for
every cover {Vα | α ∈ ∇} of A by semi-open sets of X, there exists a finite subset ∇◦ of ∇
such that A⊂ U{Cl(Vα) | α ∈ ∇◦}. A space X is said to be S-closed [27] if X is S-closed
relative to X.
Theorem 4.3. If a function f :X→ Y has a (θ, s)-closed graph, then f−1(K) is closed
in X for every subset K which is S-closed relative to Y .
Proof. Let K be S-closed relative to Y and x /∈ f−1(K). For each y ∈ K , we have
(x, y) ∈X× Y −G(f ) and there exist an open neighborhood Uy of x and Vy ∈ SO(Y, y)
such that f (Uy) ∩ Cl(Vy) = ∅. The family {Vy | y ∈ K} is a cover of K by semi-open
sets of Y and there exists a finite number of points, say, y1, y2, . . . , yn of K such that
K ⊂⋃{Cl(Vyi ) | i = 1,2, . . . , n}. Put U =
⋂{Uyi | i = 1,2, . . . , n}, then U is an open
neighborhood of x and f (U)∩K = ∅. Therefore, we obtain U ∩f−1(K)= ∅. This shows
that f−1(K) is closed in X.
Definition 4.3. A function f :X→ Y is said to be almost continuous [23] (respectively
weakly continuous [15]) if for each x ∈ X and each open set V of Y containing f (x),
there exists an open set U of X containing x such that f (U) ⊂ Int(Cl(V )) (respectively
f (U)⊂ Cl(V )).
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Corollary 4.1. Let Y be an s-Urysohn S-closed space. The following are equivalent for a
function f :X→ Y :
(1) f is (θ, s)-continuous;
(2) G(f ) is (θ, s)-closed;
(3) f−1(K) is closed in X for every subset KS-closed relative to Y ;
(4) f is almost continuous;
(5) f is weakly continuous.
Proof. (1)⇒ (2): This is obvious by Theorem 4.1.
(2)⇒ (3): This follows from Theorem 4.3.
(3)⇒ (4): Let F ∈ RC(Y ), then it follows from Theorems 3.3 and 3.4 of [19] that F
is S-closed relative to Y . Therefore, by (3) f−1(F ) is closed in X and hence f is almost
continuous [23, Theorem 2.2].
(4)⇒ (5): This is obvious.
(5) ⇒ (1): Since Y is s-Urysohn, it is weakly Hausdorff and hence the s-Urysohn
S-closed space Y is extremally disconnected [11, Theorem 3.7]. Therefore, we have
RO(Y ) = RC(Y ). Let F be any regular closed set of Y . Since F is open in Y , by [15,
Theorem 1] we have f−1(F ) ⊂ Int(f−1(Cl(F ))) = Int(f−1(F )) and f−1(F ) is open
in X. This shows that f is (θ, s)-continuous.
5. S-closed spaces
Here, we shall recall some definitions of spaces and functions used in this section.
Definition 5.1. A space X is said to be
(1) S-Lindelöf [6] if every cover of X by regular closed sets has a countable subcover,
(2) countably S-closed [1] if every countable cover of X by regular closed sets has a
finite subcover,
(3) strongly S-closed [8] if every closed cover of X has a finite subcover,
(4) nearly-compact [24] if every regular open cover of X has a finite subcover,
(5) mildly compact [26] if every clopen cover of X has a finite subcover.
A subset A of a space X is said to be preopen [17] (respectively β-open [1]) if
A⊂ Int(Cl(A)) (respectively A⊂ Cl(Int(Cl(A)))).
Definition 5.2. A function f :X→ Y is said to be almost precontinuous [18] (respectively
almost β-continuous [18]) if for every V ∈ RO(Y ), f−1(V ) is preopen (respectively β-
open) in X.
Theorem 5.1. Let f :X→ Y be a (θ, s)-continuous surjection.
(1) If X is compact, then Y is S-closed.
(2) If X is Lindelöf, then Y is S-Lindelöf.
(3) If X is countably compact, then Y is countably S-closed.
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Proof. We prove only (1), the proofs of (2) and (3) being entirely analogous.
Let {Vα | α ∈ ∇} be any regular closed cover of Y . Since f is (θ, s)-continuous,
{f−1(Vα) | α ∈ ∇} is an open cover of X and hence there exists a finite subset ∇◦ of ∇
such that X =⋃{f−1(Vα) | α ∈ ∇◦}. Therefore, we have Y =⋃{Vα | α ∈ ∇◦} and Y is
S-closed [11, Theorem 3.2]. ✷
Theorem 5.2. If f :X→ Y is a (θ, s)-continuous surjection and X is strongly S-closed,
then Y is nearly-compact.
Proof. Let {Vα | α ∈ ∇} be any regular open cover of Y . Then {f−1(Vα) | α ∈ ∇} is a
closed cover of X since f is (θ, s)-continuous. There exists a finite subset ∇◦ of ∇ such
that X =⋃{f−1(Vα) | α ∈ ∇◦}. Since f is surjective, we have Y =⋃{Vα | α ∈ ∇◦}. This
shows that Y is nearly-compact.
Theorem 5.3. Let f :X → Y be a (θ, s)-continuous almost β-continuous surjection.
If X is S-closed (respectively nearly-compact), then Y is nearly-compact (respectively
S-closed).
Proof. We prove only the first case, the proof of the second being entirely analogous.
If V ∈ RO(Y ), then f−1(V ) is closed and β-open in X since f is (θ, s)-continuous
almost β-continuous. Therefore, we have
f−1(V )⊂ Cl(Int(Cl(f−1(V ))))= Cl(Int(f−1(V )))
and hence
f−1(V )= Cl(f−1(V ))= Cl(Int(f−1(V ))).
Then, we obtain f−1(V ) ∈ RC(X). Let {Vα | α ∈ ∇} be any regular open cover of Y .
Then {f−1(Vα) | α ∈ ∇} is a regular closed cover of X and there exists a finite subset
∇◦ of ∇ such that X =⋃{f−1(Vα) | α ∈ ∇◦} [11, Theorem 3.2]. Therefore, we obtain
Y =⋃{Vα | α ∈ ∇◦} since f is surjective. Hence Y is nearly-compact.
Theorem 5.4. If f :X→ Y is a (θ, s)-continuous almost precontinuous surjection and X
is mildly-compact, then Y is nearly compact S-closed.
Proof. Let V ∈ RO(Y ). Then since f is (θ, s)-continuous almost precontinuous, f−1(V )
is closed and preopen in X and hence f−1(V ) is clopen [8, Theorem 2.8]. Let {Vα | α ∈ ∇}
be any regular open (respectively regular closed) cover of Y . Then {f−1(Vα) | α ∈ ∇} is a
clopen cover of X and X is mildly compact. There exists a finite subset ∇◦ of ∇ such that
X =
⋃{
f−1(Vα) | α ∈ ∇◦
}
.
Since f is surjective, we obtain Y =⋃{Vα | α ∈ ∇◦}. This shows that Y is nearly-compact
(respectively S-closed) [11, Theorem 3.2]. ✷
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6. Comparison and examples
In this section we investigate relationships between (θ, s)-continuity and other related
functions.
Definition 6.1. A function f :X→ Y is said to be
(1) perfectly continuous [21] if f−1(V ) is clopen in X for every open set V of Y ,
(2) contra-continuous [8] if f−1(V ) is closed in X for every open set V of Y ,
(3) regular set-connected [9] if f−1(V ) is clopen in X for every V ∈ RO(Y ).
Remark 6.1. The following diagram holds and none of the implications is reversible as
shown by Examples 6.1–6.5 stated below.
perfectly continuous contra-continuous
s-continuous almost s-continuous regular set-connected (θ, s)-continuous
continuous almost-continuous weakly continuous
Example 6.1. Let X = {a, b, c}, τ = {∅,X, {a}, {b}, {a, b}} and σ = (∅,X, {c}}. Then
the identity function f : (X, τ)→ (X,σ) is contra-continuous, regular set-connected and
hence (θ, s)-continuous. But f is not continuous and hence not perfectly continuous.
Example 6.2. Let X be the real numbers with the usual topology and f :X→ X be the
identity function. Then, f is a continuous function which is not (θ, s)-continuous.
Example 6.3. LetX = {a, b, c}, τ = {∅,X, {a}, {b}, {a, c}, {a, b}}and σ = {∅,X, {b}, {c},
{b, c}}. Then the identity function f : (X, τ)→ (X,σ) is (θ, s)-continuous. But it is not
regular set-connected.
Example 6.4. Let X = {a, b, c}, τ = (∅,X, {a}, {a, b}, {a, c}} and σ = (∅,X, {a}, {a, b}}
and f : (X, τ)→ (X,σ) be the identity function. Then f is a (θ, s)-continuous function
which is not contra-continuous.
Example 6.5.
(1) In [9, Example 3.8], Dontchev et al. showed that a regular set-connected function
need not be almost s-continuous.
(2) In [22, Example 5.3], Noiri et al. showed that almost s-continuity does not
necessarily imply s-continuity.
(3) It is shown in Example 2.2 and 2.3 that almost-continuity lies strictly between
continuity and weak continuity.
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Remark 6.2.
(1) By Examples 6.1 and 6.2, continuity and (θ, s)-continuity are independent of each
other. Even if the range is extremally disconnected, (θ, s)-continuity need not imply
continuity as the following example shows.
(2) By Example 6.4, even if the range is extremally disconnected, (θ, s)-continuity does
not always imply contra-continuity.
Example 6.6. Let X = {a, b, c}, τ = {∅,X, {b}, {a, c}} and σ = {∅,X, {a}, {b}, {a, b},
(a, c}}. Then the identity function f : (X, τ)→ (X,σ) is (θ, s)-continuous. But it is not
continuous.
Definition 6.2. A space X is said to be PΣ [30] or strongly s-regular [10] (respectively
weakly PΣ [20], strongly semi-regular) if for any open set V of X (respectively V ∈
RO(X), V ∈ SO(X)) and each x ∈ V , there exists F ∈ RC(X,x) such that x ∈ F ⊂ V .
Theorem 6.1. Let f :X→ Y be a function. Then:
(1) If f is weakly continuous and Y is extremally disconnected, then f is (θ, s)-
continuous.
(2) If f is (θ, s)-continuous and Y is PΣ , then f is continuous.
Proof. Let V ∈ RC(Y ). Since Y is extremally disconnected, we have V ∈ RO(Y ) and the
weak continuity of f implies that f−1(V )⊂ Int(f−1(Cl(V )))= Int(f−1(V )). Therefore,
f−1(V ) is open in X and hence f is (θ, s)-continuous.
(2) Let V be any open set of Y . Since Y is PΣ , there exists a subfamily F of RC(Y )
such that V =⋃{F | F ∈F}. Since f is (θ, s)-continuous, f−1(F ) is open in X for each
F ∈F and f−1(V ) is open in X. Therefore, f is continuous. ✷
Theorem 6.2. Let f :X→ Y be a (θ, s)-continuous function.
(1) If Y is weakly PΣ , then f is regular set-connected.
(2) If Y is extremally disconnected, then f is almost s-continuous.
(3) If Y is strongly semi-regular, then f is s-continuous.
Proof. (1) Let V be any regular open set of Y . Since Y is weakly PΣ , there exists a
subfamilyF of RC(Y ) such that V =⋃{F | F ∈F}. Since f is (θ, s)-continuous, f−1(F )
is open in X for each F ∈F and f−1(V ) is open in X. Moreover, f−1(V ) is closed in X
since f is (θ, s)-continuous. Therefore, f−1(V ) is clopen in X and hence f is regular
set-connected.
(2) Let V be any semi-open semi-closed set of Y . Since V is semi-open, Cl(V ) =
Cl(Int(V )) and hence Cl(V ) is open in Y . Since V is semi-closed, Int(Cl(V )) ⊂ V ⊂
Cl(V ) and hence Int(Cl(V ))= V = Cl(V ). Therefore, V is clopen in Y and V ∈ RO(Y )∩
RC(Y ). Since f is (θ, s)-continuous, f−1(V ) is clopen in X and hence f is almost s-
continuous [22, Theorem 3.1].
(3) The proof is similar to that of Theorem 6.1(2) and is omitted. ✷
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Corollary 6.1. Let Y be an extremally disconnected space. The following statements are
equivalent for a function f :X→ Y :
(1) f is almost s-continuous;
(2) f is regular set-connected;
(3) f is (θ, s)-continuous;
(4) f is almost continuous;
(5) f is weakly continuous.
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